Abstract. This paper studies conditions of pseudo-symmetric and semi-symmetric type on geodesic and subgeodesic related Riemann spaces.
Introduction
Pseudo-symmetric manifolds [11] , [13] constitute a generalization of spaces of constant sectional curvature, along the line of locally symmetric and semi-symmetric spaces, [16] , [18] , consecutively. Both the study of an intrinsic and the study of an extrinsic aspect let to the concept of pseudo-symmetry. For example, every manifold M which can be mapped geodesically onto a semi-symmetric manifold is pseudo-symmetric [7] .
Also, every totally umbilical submanifold, with parallel mean curvature vector field, of a semi-symmetric manifold is pseudo-symmetric.
In the present paper we extend the approach, considering pseudo-symmetric spaces subgeodesically related, using certain concircular transformations. Concircular semi-symmetric spaces geodesically related are studied. The last section is devoted to a special class of concircular related metrics produced by concircular-Riemann flows. Also concircular-Riemann solitons are considered.
Concircular Transformations on Pseudo-Symmetric Spaces
Let (M, ) be a Riemannian space and T ∈ T 0,k M. We define R · T, Q( , T) ∈ T 0,k+2 M, by (R · T)(X 1 , . . . ,
A Riemannian manifold is called pseudo-symmetric if at every point of M the following condition is satisfied:
the tensors R · R and Q( , R) are linearly dependent. The notion arose during the consideration of geodesic mappings. Let ξ ∈ X(M). A diffeomorphism f : V n = (M, ) → V n = (M,¯ ) is called ξ− subgeodesic mapping if maps ξ− subgeodesics into ξ− subgeodesics, where ξ− subgeodesics on M are given by the following equations:
where a(t), b(t) are differentiable function on M.
There exists a ξ− subgeodesic mapping f if and only if the Yano formulae are satisfied
where ψ ∈ ∧ 1 (M) and ϕ ∈ T 0,2 (M). In the sequel ϕ coincides with the Riemannian metric . f is called nontrivial if ψ i − ξ i 0, ∀i ∈ {1, . . . n}. There exists f geodesic mapping (i.e. ξ = 0 ) [15] if and only if the Weyl formulae are satisfied
The projective curvature tensor [12] , P, defined by
where S is the Ricci tensor, is invariant under the geodesic mappings, i.e. P = P. The geodesic correspondence is special if ψ i j = f i j , where f is a differentiable function and
One has
where ξ k = ks ξ r . There exists the functions v( A space of constant sectional curvature remains a space of constant sectional curvature by a concircular transformation.
The concircular curvature tensor [3] , [14] 
is invariant under concircular transformations, where ρ is the scalar curvature. Proposition 1.1. Let V n = (M, ) be a pseudo-symmetric Riemann space and →˜ be a concircular transformation. ThenṼ n = (M,˜ ) is a pseudo-symmetric Riemann space. Theorem 1.1. Let V n = (M, ) and V n = (M,¯ ), n ≥ 3, be ξ-subgeodesically related Riemann spaces. If V n is pseudo-symmetric and →˜ = e 2ξ is a concircular transformation, then V n is also pseudo-symmetric.
Proof. V n and V n being subgeodesically related, we have
Because V n and V n = (M,˜ ) are conformally related, the Christoffel symbols are transformed by
Then we have
So, V n and V n are geodesically related. If V n is pseudo-symmetric thenṼ n is pseudo-symmetric. The last two properties imply that V n is pseudo-symmetric.
This theorem generalizes the following result [7] : Let (M, ) be a pseudo-symmetric manifold admitting a nontrivial geodesic mapping f on (M,¯ ). Then (M,¯ ) is also a pseudo-symmetric space.
On Concircular Semi-Symmetric Spaces
Our aim is to characterize concircular semi-symmetric (R · Z = 0) spaces geodesically related. Theorem 2.1. Let V n = (M, ) and V n = (M, ), n ≥ 3, be two nontrivial geodesically related Riemann spaces.
If V n is concircular semi-symmetric, then V n and V n are spaces with constant sectional curvature or are special geodesically related.
Proof. V n is Z-semi-symmetric. 
Then (R ·
where S ij = S r i r j . After a contraction of (3) with i j , we get the equation
where
The relations (5) and (3) lead to
Using (6), the relation (3) becomes
We obtain (ψ i j − f n i j )(S hm − ρ n hm ) = 0. Hence the correspondence is special or the space V n is Einstein. In the second case one has
where P is the projective Weyl curvature tensor. V n being an Einstein space, if P = 0, then V n becomes a space with constant curvature. Hence, V n and V n are spaces with constant curvature, using the Beltrami theorem.
Theorem 2.2. Let V n = (M, ) and V n = (M, ), n ≥ 3, be two nontrivial geodesically related Riemann spaces. If V n is Z-semi-symmetric, with irreducible curvature tensor, then V n and V n are spaces with constant sectional curvature.
Proof. If V n and V n are two special geodesically related Riemannian spaces then 
has an unique solution, abstraction a factor. Because i j and i j are solutions of the system (7), we obtain ij = e 2u ij , where u is a function with variables x 1 , ..., x n . V n and V n being geodesically related, we have u = ct. and we obtain i j k
ψ j = 0 and ψ k = 0. Using the previous result, the theorem is proved.
The relation between the subgeodesic correspondence and the conformal related spaces leads to: Theorem 2.3. Let V n = (M, ) and V n = (M, ), n ≥ 3, be two nontrivial ξ-subgeodesically related Riemann spaces. If V n is Z-semi-symmetric, with irreducible curvature tensor, then V n andṼ n = (M,˜ = e 2u ) are spaces with constant sectional curvature.
On Concircular-Riemann Flows
Hamilton [8] introduced the concept of the Ricci flow. This means to control geometric quantities associated to the metric as it evolves. For a Riemannian manifold (M, 0 ) the Ricci flow is the PDE:
where S( (t)) denotes the Ricci curvature tensor associated to the metric (t). The idea is to evolve the metric in some way that will make the manifold "rounder and rounder". The hope is one may draw topological properties from the existence of such round metrics. Along this line, the notion of Riemann flow [10] generalizes the Ricci flow. Let (Λ 2 (M), G(t)) = (t) (t)) be the Riemann manifold of skew symmetric 2-forms,where
The Riemann flow is a PDE that evolves the metric tensor G:
where R( (t)) is the Riemann curvature tensor associated to the metric (t). These extensions are natural, since some results in the Riemann flow resemble the case of Ricci flow. For instance, the Riemann flow satisfies the short time existence and the uniqueness [10] . Also [10] :
is a Riemann manifold (n ≥ 2) of constant sectional curvature -1, then the evolution metric of the Riemann flow is (t) = 1 + 2(n − 1)t 0 . The manifold expands homothetically for all time.
Theorem B. For the round unit sphere (S n , 0 ), n ≥ 2, the evolution metric of the Riemann flow is (t) = 1 − 2(n − 1)t 0 and the sphere collapses to a point in finite time.
In order to generalize these notions, we introduce a special Riemann type flow. Let M be a smooth manifold endowed with a Riemann metric (t). For (0, 2)-tensors A and B, their Kulkarni-Nomizu product A ∧ B is given by
Let G = 1 2 ∧ be the Riemann metric induced on 2-forms. A concircular-Riemann flow or a Z-Riemann type flow is a means of processing the Riemann metric (t) by allowing it to evolve under the PDE's system
Theorem 3.1. On a Riemannian manifold (M, (t)) (n ≥ 3) the concircular-Ricci type flow
determines the following concircular-Riemann type flow:
where α and β are functions on M, Z i j ( (t)) = Z k ik j ( (t)) and E i jkl ( (t)) is the semi-traceless part of the concircular curvature tensor.
The following result gives a new family of concircular related metrics: Proof. Implicit solution of a Cauchy problem associated to the concircular-Riemann flow.
As a consequence of the previous theorem, one has We generalize this notion to the concept of concircular-Riemann soliton, which exibits rich geometric properties and are of interests to physicists as well, since the concircular curvature represents the deviation of the space time manifold from the space of constant curvature.
Suppose the family of diffeomorphisms ϕ t (x) is generated by the vector field X(x). The evolutive metric (x, t) = σ(t)ϕ * t (x) (x, 0) is a concircular-Riemann soliton iff the profile metric (x, 0) = (x) is a solution of the nonlinear stationary PDE
where L X is the Lie-derivative of the metric with respect to X, λ is a constant and ∧ is the Kulkarni-Nomizu product. If X is a gradient, i.e., X = ∇ f , then we get the notion of gradient concircular-Riemann solitons, whose profile (x) satisfies the PDE Z( ) + λG + ∧ h f = 0, for some smooth potential function f on M, where h f is the Hessian. Open problem. Classification of gradient concircular-Riemann soliton for arbitrary potential function.
